Abstract. We study fundamental groups of Kähler manifolds via their cuts or relative ends.
1.
A group G is called Kähler if it serves as the fundamental group π 1 (V ) of a compact Kähler manifold V . Equivalently, such a group G appears as a discrete free co-compact isometry group of a complete simply connected Kähler manifold X -the Galois group acting on the universal covering of V denoted X. To keep the perspective (compare [De-Gr] ) we indicate possible generalization of this setting. (a) Dropping "free", i.e. allowing discrete actions with fixed points (having finite stabilizers). (b) Replacing "co-compact" by a weaker smallness condition on the quotient X/G, e.g. by requiring X/G to have finite volume (or slow volume growth) combined with a sufficiently simple geometry at infinity in the spirit of the following two examples. 
Central Problem.
Identify the constraints imposed by the Kähler nature of the space X on its asymptotic metric invariants and then express these constraints in terms of some algebraic properties of G. If V is projective algebraic then the structure of the profinite completion of its fundamental group G is accounted for by finite, and hence algebraic, coverings
Recall that "flat Hilbertian" signifies that Y is locally isometric to a finite or infinite dimensional Hilbert space.
Basic corollary. Let X be a complete Kähler G-manifold and suppose the group G is represented by isometries of a Hilbert space Y . Then every harmonic Gequivariant map f : X → Y of finite G-energy is pluriharmonic.
Remarks. 2.10. The relevant actions on the Hilbert space Y above are affine rather than linear. For example, they may be free and discrete (Haagerup property, see [CCJV] ).
2.11.
If the actions of G on X and Y are discrete, then the G-energy equals the ordinary energy of the corresponding map between the quotient spaces. In particular, this energy is necessarily finite if the action of G on X is co-compact.
2.12.
In some cases (e.g. if X is simply connected and Y is a Hilbert space) every pluriharmonic map from X to Y analytically extends to a holomorphic map from X to a suitable complexification of Y .
2.13.
The existence of a G-equivariant harmonic map often (but not always) comes cheap: for example, it follows in many cases from the existence of a continuous Gequivariant map with finite G-energy. But the issuing pluriharmonic (and even more so holomorphic) map carries a much higher price tag and the presence of such a map imposes strong geometric restrictions on the manifolds and groups in question. The idea of Hermitian sectional curvature, as well as the following non-linear Hodge Lemma has been discovered by Y.T. Siu ([Siu] ), and further developed in [He] , [C-T] , [Sam] and [Gr-Sc] ; see [ABCKT] for additional informations and references. 
Non-linear Hodge lemma (see [ABCKT]). The H-non-positivity property, remains valid for the following non-flat target spaces Y . (A) Metric graphs, e.g. trees (including R-trees with no local finiteness condition). (B) Euclidean buildings (these generalize trees). (C)
Riemannian
-pinched manifolds fall into this category.) (F) Metric spaces locally isometric to finite and infinite Cartesian products of the above (A)-(E)
. The maximal class of known H-non positive spaces Y admits a local characterization saying in effect that these are locally CAT (0), their non-singular loci have non-positive Hermitian sectional curvature and the singularities of Y are quasiregular in the sense of [Gr-Sc] , i.e. they have no more negativity (of singular sectional) curvature than Euclidean buildings do. Observe that this class is closed under scaling and Cartesian products but it is unclear how stable this class (and H-negativity in general) is under conventional limits of metric spaces. (a) For instance, if Y is a flat torus (where the harmonicity and pluriharmonicity of f does not depend on a choice of a flat metric compatible with the affine structure) then one obtains a harmonic, hence pluriharmonic, map f homotopic to a given f 0 , where this f is unique up to a toral translation. This applies, in particular, to the the Jacobian (torus) of V , that is J(V ) = H 1 (V ; R)/H 1 (V ; Z), where one concludes to the existence of, a unique up to a translation, pluriharmonic Abel-Jacobi map f 0 : V → J(V ) that induces the identity isomorphism on the 1-dimensional real homology (for the canonical identification of the 1-dimensional homology H 1 (V ; R) with the homology of the Jacobian J(V )). Furthermore, according to the AlbaneseAbel-Jacobi theorem, there exists a unique invariant complex structure on J(V ) for which f 0 , called Albanese map, is holomorphic and such that every holomorphic map from V to a flat Kähler manifold A with Abelian fundamental group (compact complex torus) factors via the Albanese map followed by an affine holomorphic map J(V ) → A. The existence of the complex structure on the Jacobian makes the first Betti number of V even : this is the first basic constraint on the fundamental group of V .
Examples. Let
(b) If Y has constant negative curvature then harmonic maps f : V → Y , besides being pluriharmonic, necessarily have rank (of their differentials at all point in V ) at most two ( [Sam] ). Moreover, every harmonic map V → Y of rank 2 factors via a holomorphic map of V to a hyperbolic (i.e. of genus¿1) Riemann surface, V → S → Y , by a theorem of Sampson ([Sam] ) see also [ABCKT] ,[C-T] for generalizations.
(c) If Y is itself Kähler and moreover, has constant Hermitian curvature (i.e. covered by the unit ball in C n with the Bergman metric) and if a harmonic map f has rank > 2 at some point in V then, by Siu's theorem, f is either holomorphic or anti-holomorphic. (A map f is anti-holomorphic if it maps each holomorphic curve C ⊂ V to a holomorphic curve C ⊂ Y and the maps C → C are conformal and orientation reversing for the canonical orientation on holomorphic curves).
2.16.
The above (a), (b), (c) remain valid for infinite dimensional (Hilbertian) manifolds Y (with accordingly constant curvatures), where one may needs a certain stability conditions (depending on Y , V and the homotopy class) that ensure the existence of a harmonic map in a given homotopy class of maps f : V → Y . Let x 0 a base-point in V , and let G = π 1 (X, x 0 ) acts on the universal coverỸ by f * :
. . g r be a generating system of G. One says ([Gr] RW RG 3.7.A ) that the action is stable if for every K > 0, any sequence y n ∈Ỹ s.t for all 1 i r, d(g i y n , y n ) < K admits a convergent subsequence. This property only depends on the action of G onỸ induced by f * . We shall return on this stability condition latter on, but even in the absence of stability one still can obtain harmonic maps starting from maps of finite energy and by applying an energy minimizing process. Such a process, which may diverge in ordinary sense, often (essentially always) converges in a generalized sense where the target space Y need to be eventually replaced by a suitable limit of pointed spaces (Y, y i ) ( [Mo] , [Ko-Sc] , [Gr] RW RG ). In particular, N. Mok [Mo] proved that, if the fundamental group of a Kähler manifold X does not satisfy Kazhdan T property, then the universal cover of Xcarries a non constant holomorphic function to some Hilbert space, equivariant for some affine isometric representation of the fundamental group ; consequently the universal cover of X support a non constant holomorphic function with bounded differential (and thus, of at most linear growth). Basic examples of infinite dimensional symmetric spaces have been introduced by P. de la Harpe [Ha] .
Strict H-negativity.
This means, by definition, that Y satisfies the conclusion of the above (b) : every harmonic map V → Y (or, in general, every harmonic H-equivariant with finite H-energy map X → Y ) of rank 2 is of rank 2 and factors via a holomorphic map to a hyperbolic Riemann surface S followed by a harmonic map S → Y . The basic examples of such Y 's are Riemannian manifold with strictly negative Hermitian curvature. These include strictly 1 4 -pinched manifold by a Siu-SampsonHernandez theorem (see [ABCKT] , Chap.6 and references therein). Furthermore, the piecewise Riemannian spaces built of simplexes of negative Hermitian curvature with geodesic faces and with the links of all faces of diameter > π (compare the regularity assumption in [Gr-Sc] ) are H-negative. Moreover, the strictness of negativity is needed not everywhere but only on a "sufficiently large" part of Y . For example, every 2-dimensional CAT (0)-polyhedron with the above assumption on the links is H-strictly negative, provided its fundamental group is hyperbolic. It follows, for instance, that if Y is obtained by ramified covering of a Euclidean 2-dimensional building Y 0 (e.g. the product of two graphs), where the ramification locus lies away from the 1-skeleton of Y 0 , and meets all 2-simplexes in Y 0 , then every harmonic map of a Kähler manifold to Y factors via a holomorphic map to a Riemann surface. Notice that the singularities of Y at the ramification points have links of diameters> π (in fact ≥ π but these can be smoothed and therefore, the H-negativity does not suffer. Similarly, the ramified covers of manifolds of H-non-positive (H-negative) curvature along totally geodesic submanifolds of codimension two are H-non-positive (H-negative). In fact, the presence of ramification enhances H-negativity. For example, if a complex surface Y 0 of constant Hermitian curvature< 0 is ramified over a totally real geodesic surface, then every harmonic map of X to the resulting Y → Y 0 that transversally meets the ramification locus factors via a holomorphic map to some S → Y . In particular, the fundamental group of Y itself is non-Kähler. Similarly one sees that the majority of ramified coverings of Abelian varieties over unions of (mutually intersecting) flat real codimension two sub-tori have non-Kähler fundamental groups.
3. Let V be a compact Riemannian manifold with fundamental group G and X be a covering of V with the fundamental group H ⊆ G. The existence/non-existence of a non-constant harmonic function f on X with finite energy, i.e. with a square integrable differential, depends only on G and H ⊆ G but not on X per se.
Examples.

3.1.
If H = {id}, i.e. X equals the universal covering of V , then the existence of such f is equivalent by De Rham-Hodge theory to non-vanishing of the reduced 1-dimensional cohomology of V and/or of G with coefficients in the regular representation, 
Proof. Suppose ρ is not stable. Then there exists a constant K and a sequence y n s.t for all1 i r, ρ(g i )y n − y n K, but y n has no convergent subsequence. Therefore π(g i )y n − y n K for some constant K . As the sequence y n has no convergent subsequence for the weak topology, it is unbounded. Thus the sequence ξ n = yn yn is an almost fixed vector. Conversely, if ξ n is an almost fixed vector, and π has no fixed vectormax i ρ(
1, but y n is not bounded. This proves i⇔ii. Let us prove i⇒ iii : as G is finitely generated Z 1 (G, π) has a structure of Hilbert space. If π has no fixed vector, the boundary map β :
where b is some 1-boundary not homologous to zero. Thus the sequence y n has no convergent subsequence and ρ is not stable. The implication iii⇒ii is due to Guichardet (Lemma page 48 in [HV] 
and is a Hilbert space. The map β is thus an isomorphism of Hilbert spaces, and if β (ξ n ) → 0 then ξ n → 0.
3.3. Stability at infinity. Let X be a complete connected Riemannian manifold. An end of X is a non compact connected component of the complementary of some non empty relatively compact open set B with smooth boundary (for instance a ball). If E is an end, one defines (see [Gri] ) its capacity : cap(E) = inf ϕ∈Φ M |∇ϕ| 2 , where Φ is the set of smooth maps such that 0 ϕ 1, ϕ| E c = 0, and ϕ = 1 outside a compact subset of E. If x ∈ M let c(x, R) be the capacity of the complementary of B(x, R).
3.4. Example (See [Gri] Thm. 8.1). Suppose that X satisfies an isoperimetric inequality : for every compact domain A ⊂ X, one has (vol n−1 (∂A)) > f(vol n A), and suppose that the integral
−1 , and therefore X is stable at infinity if
Recall also the fundamental result of Eells Sampson, also valid for harmonic maps with values in trees ([Gr-Sc] 2.4).
Suppose M has bounded geometry and a lower bound ρ on the injectivity radius, then, there exists a constant c s.t. if u is an harmonic map :
The stability condition insures the existence of proper harmonic maps. 
Let
Proof. Suppose cap(E) > 0, and let
and such that F −1 {n}is smooth for all n. For all n let u n be the solution of the Dirichlet problem u| F −1 (0) = 0, u| F −1 (n) = 1, with minimal energy e(u) = E |∇u n | 2 . The sequence of harmonic maps u n is uniformly Lipschitz (3.5), therefore converges to some harmonic function u : X → [0, 1], this convergence is uniform on each compact subset, and the sequence |∇u n | also converges uniformly to |∇u| on each compact set. Let D be the Dirichlet space of function f : E → R with f | ∂E = 0 and f = E |∇f | 2 < +∞. If m n, u m is the projection of u n to the affine subspace f | F (x) m = 1, and u m is also the projection of 0 on this space, thus
The sequence u n 2 is decreasing, hence converges to some e. and e(u) n F (x) |∇u| 2 e − ε, thus e(u) = e and u is a non constant harmonic map. Let us suppose now that M has bounded geometry, a lower bound on the injectivity radius and is stable at infinity, and let us prove that in fact u is a proper
, and choose a compact set K so that for all n,
Choose n 1 large enough so that all the function u n are harmonic on B(x k1 , R) for n n 1 , and such that
is negative, and this function is 1 outside a compact set of M . Therefore using max(v n , 0) to evaluate the capacity, one gets cap(B(x n , R)) ( The existence follows from the argument of 3.6 ; the uniqueness follows from the convexity of the function t → e(tf 0 + (1 − t)f 1 ) (which is also valid for maps f i with values in trees, [Gr-Sc] , prop.4.1).
Recall that
3.8.
Let G = π 1 (M ) be the fundamental group of a compact manifold M , and H a subgroup such X =M/H has several ends. The stability of the representation l 2 (G/H)is equivalent to the non amenability of the Shreier graph Cay(G)/H, where Cay(G) is the Cayley graph of G relative to a fixed system of generators Σ. This is equivalent also to the fact that X (or Cay(G)/H) satisfies a strong isoperimetric inequality (vol n−1 (∂A)) > k(vol n A). This linear isoperimetric inequality implies that X is stable at infinity. In this case we say that (G/H) is stable.
More concretely, if R n → ∞, and B(x n , R n ) is a family of balls in this graph with bounded capacity, there exists a family of functions f n such that f n | B(xn,Rn) = 1, f n =0 outside a compact set and e(f n ) is bounded by some constant C. Then vol(B(xn,Rn) → 0. Therefore the stability of the representation l 2 (G/H) is stronger that the stability at infinity of X/H. For example, if G = Z n , H = {e}, l 2 (G/H) is not stable but, if n 3, R n is stable at infinity as it satisfies the isoperimetric inequality
n−1 n , and 2 n−1 n > 1. 3.9. Let X be a Riemannian manifold with bounded geometry discretely acted upon by a group G with H 1 (G; l 2 (G)) = 0. If X/G has finite volume, then X supports a non-zero exact square integrable harmonic 1-form, i.e. the differential of a non-constant harmonic function f with finite energy (see ). The above concept of capacity defined via the L 2 -norm of the gradient (quadratic energy) extends to all L p , where the most studied case after p = 2 is that of the conformally invariant energy for p = dim R (V ). ( This conformal p equals 2 for Riemann surfaces.) What is badly missing for p = 2 is a Hodge lemma.
3.10. Questions. Let X be an infinite (not necessarily Galois) covering of a compact manifold V with the fundamental group H ⊂ π 1 (V ). When does a homotopy class
Here, Y may be some standard metric space, e.g. a flat torus; another possibility is where Y = X and f 0 is homotopic to identity. Among examples one singles out aspherical spaces V , e.g. those with non-positive curvature, and finitely generated groups H such as H = Z n , for instance. A closely related question concerns the structure of the L p -subspaces in the co-
, of the cohomology classes of X realizable by closed L p -forms on X. For example, can such subspace be irrational in the case where H * (Y ; R) comes with a natural Q-structure, e.g. for aspherical X with finitely generated Abelian fundamental group H? (This subspace in the aspherical case is determined solely by G = π 1 (V ), the subgroup H ⊂ G and the number p ).
3.11.
If the group G "branches", i.e. has at least three (and hence, infinitely many) ends, then its Cayley graph is stable (at infinity). This can be seen, for example, by exhibiting square integrable 1-cycles b that flow (as currents) from a given nonempty open subset of ends to another, say from ∂ − to ∂ + , where the underlying X is some manifold or polyhedron with a co-compact discrete action of G such as the Cayley graph of G, see for instance [ABCKT] page 50. This stability implies the existence of a harmonic function on X of finite energy separating ∂ − from ∂ + and thus, the non-vanishing of 
where χ(V ) is the ordinary Euler characteristics,
For instance, the inequality χ(V ) < 0 for some V with the fundamental group G yields non-vanishing of l 2 b 1 (G) and hence, of H 1 (G; l 2 (G)), which amounts to the existence of a non-zero harmonic square integrable 1-cocycle in X . A more convincing example is given by G obtained by adding l relations R i to the free product of k infinite groups G p , such that the natural homomorphisms G p → G are injective. Then, by applying the l 2 -Mayer-Vietoris sequence, like in [Ch-Gr 2], one checks that the first l 2 -Betti number satisfies
the same result applies : indeed, G is the quotient of the free products of H p by the images S i of the relations R i in this free product. This infinite image condition can be, probably, removed with a use of Romanovskii Freiheitssatz ; on the other hand, the injectivity holds for generic relations added to free products, by small cancellation theory over free products [L-S] .
Clean Functions and Maps
4.1.
Let f be a pluri-harmonic function on a complex manifold X or, more generally, a pluri-harmonic map of X to a metric graph Y e.g. to a tree. Then there exists a unique holomorphic 1-codimensional foliation F on X such that f is constant on the leaves of F . We call f clean if the leaves L of F are closed and say that f is properly clean if the leaves are compact. Notice that "clean" =⇒ "properly clean" if f is proper and thus has compact level sets. Let use note that, if some leaf of F is compact, and if X is Kähler , complete and with bounded geometry, then f is properly clean. Furthermore, the leaves have uniformly bounded volume and diameter. As X is Kähler with bounded geometry, the leaves L xn have uniformly bounded diameter R. Thus, for n large enough L xn is in the compact set K = B(x * , R + 1). Let (B(z i , η) 1 i k be a finite cover of this compact set by closed balls of radius η, such that on each B(z i , η) the foliation is defined by a function F i , and such that the balls B(z i , η/100) cover K. If L is a leaf of our foliation, and L pass through some y ∈ B(z i , η/100), the volume of the connected component of L ∩ B(z i , η/2) through y is α for some universal constant α . From the bound on the volume of [L xn ], we deduce that there exists a uniform bound on the number of connected component of L xn throughB(z i , η/100). Thus, one can extract a subsequence such that all of these components converge to the leaf through x which is therefore compact
In the special case where Y = R, the function f locally serves as the real part of a holomorphic function on X whose level sets define the above foliation. Globally, one has a holomorphic 1-form, say a on X with the real part df . This form becomes exact on some Abelian coveringX of X; therefore, the lift of f to X becomes clean. As for the function f itself, it can be clean without a being necessarily exact; in fact, f is clean iff a represents a multiple of a rational (possibly non-zero) cohomology class on X.
4.2.
If a harmonic function f : X → R is clean then (by an easy argument) there exists, a Riemann surface S, a surjective holomorphic map with connected fibers h : X → S and a harmonic function S → R such that f equals the composed map X → S → R. Moreover, this remains true with an arbitrary one-dimensional target space Y in place of R. If f is properly clean then, clearly, the factorization map h : X → S is proper. Furthermore, the group H of holomorphic automorphisms of X sends (compact!) leaves to leaves. Indeed, if g ∈ H and L is a compact leaf, then h| g.L is holomorphic from a compact manifold to a Stein manifold hence it is constant, and g.Lis another leaf. Thus the group H acts on S and the map h is equivariant. For example, if X serves as a Galois covering of a compact manifold V , then the Galois group G acts on S and V fibers (i.e. admits a surjective holomorphic map with connected fibers) over a Riemann surface. (See [ABCKT] for details and references).
If rankH
1 (X; R) < 2, e.g. if X is simply connected, then, by the above, every pluriharmonic function f on X is clean. Furthermore, if X is Kähler and f has finite energy then some (generic) leaf L 0 has finite volume (due to the co-area formula, see [Gr] GF K ). If X is complete and has bounded geometry then "finite volume" =⇒ "compact" for complete holomorphic submanifolds in X. It follows that L 0 is compact; consequently all leaves L are compact (4.1). (All one needs here of the bounded geometry is a slow decay of the convexity radius of X). 
Corollary Let a countable group G discretely act on a Kähler manifold X such that the quotient X/G has finite volume. If
H 1 (G, l 2 (G)) = 0 while H 1 (X, R) = 0 (e.g.
4.6.
If V is singular then the above considerations can be applied to a nonsingular G-equivariant resolution of the universal covering X of V (induced from a resolution of V ), say to X, where the corresponding map X → S necessarily factors via a holomorphic map X → S.
4.7.
The simplest way to handle a smooth quasi-projective variety V 0 = V \ W would be by constructing a complete Kähler metric on V 0 such that the induced metric on the universal covering X 0 of V 0 had bounded geometry. By the Hironaka theorem, one may assume that V 0 is smooth and W is a divisor with normal crossings where handy candidates for the desired metric come readily; yet, one has to check that the curvatures of such metrics are bounded.
Cleanness and branching
Let f be a proper harmonic function X →] − 1, +1[ with finite energy separating two open ends on a Kähler manifold X as in 3.4. Cleanness and proper cleanness, as was mentioned earlier, are equivalent for such f ; more significantly one has the following :
First cleanness criterion.
If X has at least three ends then f is properly clean. This follows from L 2 -version of the Castelnuovo de Franchis theorem discussed in [ABCKT] pp. 60-62.
5.2.
There is a more general geometric version of this result. Let T be the tree obtained by joining several (finite or infinite number of) copies of the segment [0, 1[ at 0 and let a group H isometrically act on T , while fixing the origin 0, so that T /H is a finite tree, perhaps reduced to [0, 1[. (Such an action amounts to permuting the copies of [0, 1[ with finitely many orbits. This action is not necessarily discrete, not even proper for infinite H since the action fixes 0).
Second cleanness criterion.
Let H discretely and isometrically act on a Kähler manifold X and f : X → T be a surjective H-equivariant pluriharmonic map of H-finite energy. If the tree T has at least three branches (i.e. there are at least three copies of [0, 1[ in the above construction) and f is H-proper, i.e. the corresponding map X/H → T /H is proper, then f is clean; moreover, f is H-properly clean, i.e. the holomorphic leaves L from X go to compact (complex analytic) subsets in X/H under the quotient map X → X/H. This follows from the argument on pp 239-40 in [Gr-Sch] , (see also [Si] ) : note that as the number of branches of the tree is at least three, the foliation defined by f must have a singular leaf (i.e a leaf whose image is a branch point of the tree). This leaf is compact modulo H and therefore (4.1)f is properly clean.
5.3.
In order to apply the second criterion one needs a useful version of the DRKtheorem. As X/H is not a manifold but an orbifold, we must modify our assumption on the geometry of X/H. We suppose that X as bounded geometry, a lower bound on the injectivity radius ρ. We also assume that there exist a r < ρ such that for every x in X the ball B(x, r) is the quotient of B(x, r) by a finite group of bounded cardinality. This r plays the role of the injectivity radius in the orbifold case. The definition of capacity and uniform stability at infinity of 3.3 remains valid in this case, as well as the Ells-Sampson Theorem.
Theorem. If X/H is uniformly stable at infinity, then there exists a proper H-equivariant harmonic map u : X → T with finite non-zero H-energy.
Proof. We explain the modifications needed in the proof of 3. 
and of minimal energy. By the argument of 3.6, U n converges to some harmonic map U : X → T . It remains to check that U (X) ⊂ T and U is proper. If U (x) = 1 × σ for some point x, by the maximum principle, U is constant of zero energy, but the G-energy of f is the energy of U , hence the capacity of X/H is zero and this manifold would not be stable at infinity. Hence the harmonic map U sends X in T . In order to prove that U is proper, let us check that if
Let e(U ) be the energy of this harmonic map U , and let β = 
, 1] × σ , and 0 otherwise : this function is 1 outside a compact set of X/H, and 0 on B(x n , R) . Therefore using v n to evaluate the capacity, one gets cap(B(x n , R)) (
) 2 e(u n ), contradiction.
Hyperbolic example. Let H be a quasi-convex subgroup in a hyperbolic group G such that ∂G is connected and the limit set ∂(H) ⊂ ∂(G) divides the ideal boundary ∂(G) into at least three components. Then every Riemannian manifold
X with a discrete isometric co-compact action of G admits the above H-equivariant harmonic map f to Y . We postpone the proof to 6.3 and 6.6. Furthermore, if X is Kähler, 5.2 proves that f is H-properly clean.
5.5.
The desired branching, i.e. the strict inequality card(π 0 (∂(G)\∂(H))) > 2, can be always achieved in the hyperbolic case by enlarging the subgroup H according to the following simple version of the "ping-pong" lemma. 
Note that the group H contains H as well as all its conjugates f nk Hf −nk . In the boundary of Gall the boundaries of these groups are disjoint (see 6.2 below) and each of them cuts ∂G in (at least) two components, therefore ∂G\∂H has infinity many of connected components. The above lemma can be generalized to many other (e.g. "nearly hyperbolic") groups where H is contained in a larger subgroup H that usually cuts G into more than three pieces ; yet, the overall picture remains unclear. 
The above cleanness criteria deliver holomorphic fibrations of open
Proof. Let us identify X with the quotient f : X =Ṽ /H → S , for H ⊂ G = π 1 (V ). Let y 0 be some pre-image of x 0 and N be the image of π 1 (f −1 (x 0 ), y 0 )in H ⊂ G. In order to prove that the normalizer G 1 of N is of finite index in G, it is enough to show that N has only a finite number of conjugate in G. Indeed, the conjugate gN g −1 is represented by the image in X of the fiber of F through some point in p −1 (p(y 0 )) = G/H. But all the fibers of f are analytic submanifolds with the same volume, in a Kähler manifold of bounded geometry. So their fundamental groups (at the point g.x 0 )are generated by loops of uniformly bounded length (independent of g). Therefore the images of these groups in π 1 (V, p(x 0 )) is generated by elements of bounded length, and can only take a finite number of values. ThusṼ /N is a Galois cover of the finite cover V of V of group G , and 4.2 applies.
Cutting Groups by Subgroups
Given a subspace in a proper geodesic metric space, X 0 ⊂ X let X −r ⊂ X be the set of points x ∈ X with distance ≥ r from X 0 . We take the projective limit for r → ∞ of the projective system of the sets of connected components of X −r and call this limit the space of (relative) ends of X|X 0 , denoted Ends(X|X 0 ). Observe that if X is proper (bounded sets in X are relatively compact) and X 0 is bounded then the space Ends(X|X 0 ) equals the ordinary space of ends Ends(X). If X is acted upon by a group H we take an orbit X 0 of H and set Ends(X|H) = Ends(X|X 0 ). If H serves as a subgroup of a finitely generated group G we apply the above to X = Cayl(G) that is the Cayley graph of G and abbreviate by putting
Ends(G|H) = Ends(Cayl(G)|H), and Ends(G/H) = Ends(Cayl(G)/H).
6.1. Definitions. Say that X 0 ⊂ X cuts X (at infinity) if X|X 0 has at least two ends, i.e. card(Ends(X|X 0 )) > 1. In future, the noun "cut" may refers to the fact that X is being cut by X 0 or to an actual division of Ends(X|X 0 ) into two (or more) non-empty open subsets. The disjoint union X ∪ Ends(X|X 0 ) carries a natural topology. Thus for every subset X ⊂ X one can take its closure in X ∪ Ends(X|X 0 ) and then intersect this closure with Ends(X|X 0 ). We denote the resulting subset by ∂ end (X ) ⊂ Ends(X|X 0 ) and say that X 0 cuts X in X if card∂ end (X ) > 1.
We say that a subgroup H ⊂ G cuts a group G if card(Ends(G|H)) > 1 and an H-cut is called branched if card(Ends(G|H)) > 2. A cut of H by G is called stable if the Schreier graph (Cayl(G)/H) is uniformly stable (at infinity) in the sense of 3.3. For this it is enough that l
2 (G/H) is stable by 3.8. If H cuts G, H acts on the set of relative ends Ends(G|H). One can distinguish Schreier cuts where the disconnectedness persists under the action of H, i.e. where the action of H on Ends(G|H) is not transitive. Note that if H cuts G, the cut is a Shreier cut if and only if the Schreier graph (Cayl(G)/H) is disconnected at infinity (see also [CCJV] where such cuts are called "walls"). In particular if Ends(G|H) is finite there exists a subgroup H of finite index in H such that Ends(G/H ) = Ends(G|H) = Ends(G|H ), and H is a Schreier cut of G.
Example. Let S be a compact Riemann surface of genus 2, C be a simple closed curve separating S in two connected components S ± . If G = π 1 (S, x 0 ) operates on the hyperbolic plane D, H = π 1 (S + , x 0 ), then D/H is connected at infinity, whereas Ends(D|Hx 0 ) is infinite, thus H cuts G at infinity, but in fact is transitive on the set of relative ends (see also 6.3).
Historical remarks. The set of ends of a topological space has been introduced by Freudenthal ; for homogeneous space of Lie groups, it has been firstly studied by Borel to prove that there are no action of a Lie group on a simply connected manifold which is 4-transitive [Bo] . After Stalling's famous paper on the structure of groups with an infinity of ends, C. Houghton [Ho] and P. Scott [Sc] began to study ends of pairs of groups.
Induced cuts.
Cuts and their properties (obviously) lift under surjective homomorphisms G → G: if H cuts G the so does the pullback H ⊂ G of H to G; furthermore, the invariance (by the action of H) and stability pass from H-cuts to H-cuts, in other words if H is a Shreier cut of G then H is a Schreier cut of G. Cuts also pass to subgroups G ⊂ G. In fact, if a finitely generated G ⊂ G is cut in G by a subgroup H ⊂ G, then G is also cut by the intersection (subgroup) H ∩ G ⊂ G as follows from the following simple :
Lemma. Given subgroups G and H in a finitely generated group with G endowed with the word metric, there exists a function (δ) with (δ) → δ→+∞ +∞, such that the intersection of the δ-neighborhoods of G and H in the Cayley graph of G is contained in the -neighborhood of the intersection G ∩ H .
Proof. As the ball in G of radius 2δ is finite, there exists an r < ∞ (depending on G and H) such that if some g ∈ G and h ∈ H are s.t. |g − h| < 2δ,then there exists a pair (g 0 , h 0 )inG × H in the ball of radius r of G s.
This h is at distance < r of g, hence the result with = r + δ.
Thus arbitrary (non necessary surjective) homomorphisms G 1 → G induce cuts in G 1 from those in G.
Convex hyperbolic cuts.
Let X be a proper geodesic δ-hyperbolic space. Recall (see for instance [CDP] ) that subset Y ⊂ X is quasi-convex if there exists a constant A s.t. for every pair y, y ∈ Y and any point z in a geodesic segment [y, y ], the distance of z to Y is A. It is known that if Y is A-quasi convex, and
B} is 100δ-quasi-convex. Let H be a group of isometry acting on X. Recall that H is quasi-convex cocompact if there exists a geodesic subspace Y ⊂ X which is quasi-convex and such that the action of H on Y is discrete co-compact. This is equivalent to the fact that the orbit H.x 0 of any point is quasi-convex. In the case where X is the hyperbolic space of constant curvature, a quasi-convex co-compact group is a geometrically finite group without parabolics. If H is quasi convex co-compact, it is an hyperbolic group, and its boundary ∂H embeds as a closed subset in ∂X ; it is also the limit set of the action of H on X. It is known (see [Coo] ) that the action of H on ∂X/∂Y is discrete co-compact. One says that a X is thin if there exists a constant B s.t. every point in X is at a distance B of a bi-infinite geodesic. Proof of the lemma. Changing the value of the hyperbolicity constant δ, one may suppose that X is δ-hyperbolic, δ-thin and that Y is δ-quasi-convex. Let us choose such an s. Let r = s + 1000δ. Let C be some component of O r . For each x in C, let O(x) be the (non-empty, due to (1)) set of endpoints of vertical rays ρ = [y, ω[s.t. d(x, ρ) (b) If G is a reflection group then the isotropy subgroups of the walls provide a full system of convex Schreier (as in 6.1) cuts of G (where G does not even has to be hyperbolic for this matter, see [BJS] ). (c) The above generalizes to cubical CAT (0)-polyhedra and their isometry groups (see [Sa] [CCJJV] ). In particular hyperbolic groups co-compactly acting on such polyhedra admit full systems of convex Shreier cuts. (d) There are compact (arithmetic) n-manifolds for all n > 1 of constant negative curvature with a full system of Shreier hyperplane cuts of its universal covering and hence, of their fundamental groups. (It is unlikely that the fundamental group of each n-manifold of constant negative curvature admits a convex cut for n > 2 but no counter example seems to be known even for n = 3.) (e) Dani Wise (see [Wi] ) has shown that many small cancellation groups G, including geometric C (1/6)-groups, admit full systems of convex Schreier cuts H i with at most finitely many mutually non-conjugate among them. In conjunction with Sageev's theorem his result provides, for all such G, a cubical CAT (0)-polyhedra with fundamental groups G assuming G has no torsion. 6.5. Stability of hyperbolically induced cuts. If a f.g subgroup A ⊂ G in a word hyperbolic group G is cut by a quasi-convex subgroup H ⊂ G then the induced cut of A by H ∩ A is stable unless A is virtually cyclic. It follows that the cut of an arbitrary finitely generated group G 1 induced from a convex cut of a hyperbolic group by a homomorphisms G 1 → G is stable (hence G/H is uniformly stable at infinity) except for the virtually cyclic image case. Therefore Λ 2 (A) ⊂ ∂ 2 (H). Suppose A ∩ H is not of finite index in A, and let a n be an infinite sequence in A/A ∩ H. We may assume that a n ∂(H) converges to some point α ∈ ∂G, but this is impossible as a n (∂(H)
Lemma. Suppose that H is quasi-convex co-compact in some thin proper geodesic hyperbolic space
2 ) ⊃ a n Λ 2 (A) = Λ 2 (A). 
Cuts in Kähler groups
7.1. A Riemann surface S and its fundamental group can be cut in many ways and these cuts pass to complex manifolds fibered over S. Conversely, by combining the above and 5.6 (compare [De-Gr] 
Remarks. (a) The stability condition is violated, for instance, for cuts of Abelian groups G; yet, the conclusion of the theorem, when properly (and obviously) modified, holds in this case. But, it remains unclear how the general non-stable picture looks like. (b) It seems that the desired cleanness does not truly need the branching condition (introduced solely for cleanness sake) but it is unclear how to remove or significantly relax it in the general case. However, branchings come cheap in the hyperbolic case (see 5. (H ) is a branched stable (6.5) cut of G, and we get a proper holomorphic map with connected fibers f : X =Ṽ /h −1 (H ) → S for some non compact Riemann surface S. By 5.6 one gets a finite cover V of V and an holomorphic map to a compact Riemann surface f : V → S , s.t the fibers of f are the images of the fibers of f . But the image of the fundamental group of the generic fiber of f is normal in G = π 1 (G). Its image is a normal subgroup of h(G) contained in the convex subgroup H . But no convex group in a hyperbolic group contains an infinite normal subgroup of infinite index, therefore h(S )is of finite index in h(G).
7.3.
Remarks. (a) Probably, most hyperbolic groups, including the majority of small cancellation ones admitting convex cuts, have l 2 b 1 = 0 and thus, at this point conjecturally, the above applies to a much wider class of groups than the l 2 b 1 -theorem (see 4.5).
(b) There are Kähler hyperbolic groups that admit non-convex cuts but no convex ones. In fact, by a construction of D. Kazhdan, there are compact Kähler manifold of constant Hermitian curvature of any dimension n with infinite 1-dimensional homology groups and hence, with cuts induced from Z. These have no convex cuts for n > 1 by the above Corollary (or by a direct application of Grauert's solution to the Levi problem).
7.4. sbc-Groups. Consider all stable branched cuts of a group G and denote by K = K sbc ⊂ G the intersection of the subgroups H ⊂ G implementing these cuts. We call this K the sbc-kernel of G and say that it has finite type if there finitely many subgroups among H's such the intersection of all conjugates of these equals K. We say that G is of sbc-type if K equals the identity element id in G, where "finite sbc-type" means the finiteness of the type of K = id of stability, branching and finiteness conditions).
Example. A finitely generated subgroup G in the product of surface groups is of finite sbc-type, unless it admits a splitting G = G 0 × Z.
The above Theorem yields that the following converse to this example. Remark. The minimal N in this Corollary (obviously) equals the maximum of the ranks of the free Abelian subgroups in G. There are only finitely many S i for a given V but the relations between these S i for different finite coverings V seems rather obscure.
7.6. Cut-Kähler conjecture. Probably, the stability, branching and finiteness conditions are not truly needed and the above theorem could be generalized as follows. Let K c denote the intersection of all cutting subgroups in G. Then a finite covering of V admits a holomorphic map f : V → W , where W is a flat Kähler torus bundle over the product of a several Riemann surfaces S i and where the the kernel of the induced homomorphism of the fundamental groups equal K c ∩ π 1 (V ). (If V is algebraic then W is a product of S i 's with an Abelian variety). We shall return to this problem in [De-Gr] .
